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Abstract
We solve the Einstein equations for the 2+1 dimensions with and without scalar
fields. We calculate the entropy, Hawking temperature and the emission probabili-
ties for these cases. We also compute the Newman-Penrose coefficients for different
solutions and compare them.
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INTRODUCTION
It is common practice to study similar phenomena in lower dimensions when
calculations in models in realistic physical dimensions are too hard to perform. For
this reason toy models are used in quantum field theory and particle physics where
physics in lower dimensions is studied. [1]
This was not done in general relativity, though, for a long time. One reason
for this may be because the study of general relativity in (2+1) dimensions was
thought to be trivial. The degree of freedom of a graviton is given by (d-3) in any
number of dimensions. In (2+1) dimensions, d = 3 and this count does not allow
any local degrees of freedom to the related field. One could study models only with
interesting global properties in this dimension. Furthermore, in 2+1 dimensions the
Riemann tensor does not have any other components as those given by the Ricci
tensor, i.e. the Weyl tensor which gives half of the components of the Riemann
tensor in d = 3 + 1 does not exist anymore. This fact makes it impossible to have
a Ricci flat space with non- trivial Riemann tensor components.
This is why a ”black-hole” solution of the vacuum theory, given by Banados,
Teitelboim and Zanelli (BTZ), [2], was a surprise to the general relativity com-
munity. This solution approached not to the Minkowski, but to the anti-de Sitter
space asymptotically. The Einstein equations were modified with respect to the
(3+1) case by the introduction of the cosmological constant. These facts did not
make the BTZ solution less interesting.
Actually (2+1) dimensional gravity was studied by Deser, Jackiw, ’t Hooft and
Templeton [3] much before. They had added a Chern-Simons term to the Riemann-
Hilbert action and found solutions to the problem. Still the BTZ solution came as
an unexpected event.
BTZ studied also the rotating and the charged ”black holes” in their original
paper. An error was pointed out to their treatment of the both rotating and charged
case [4,5,6]. The authors revised their solution in a later paper [7].
Later studies were made of the case of coupling of a scalar field to the gravi-
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tational field [8]. Among additional references on this field we can cite the papers
by Virbhadra, Dias and Lemos [9). Here we will derive these known solutions using
slightly different methods. We will also try to treat the case when the scalar field is
time dependent. This solution can not be written in an analytical form, since the
resulting function can not be inverted. We will give only the numerical solution for
this case.
We will, then, study the thermodynamical properties of the solutions using
the methods of Kraus, Keski-Vakkuri and F.Wilczek [10,11,12]. In the final part
we calculate the coefficients in the Newman-Penrose formalism [13] for the BTZ
solution given in reference 7 and point to the similarities with the coefficients with
the ”wrong” solution proposed earlier.
The details of the calculations of second and the third sections are given in
the Thesis prepared by Hasan Tuncay O¨zc¸elik (ITU 2002). The fourth section is
partially based on the Thesis prepared by Barıs¸ Yapıs¸kan (ITU 2000).
Solutions
We start by writing the Einstein equations of motion
Gµν + gµνΛ = kTµν 1
where
Gµν = Rµν − 1
2
gµν , 2
Λ is the cosmological constant, Rµν is the Ricci tensor, k =
8piG
c2
where G is the
Newton’s gravitational constant and Tµν is the stress-energy tensor. Here we use
the convention that a positive value for Λ will denote the anti-de Sitter space, and
use the units where numerically G = c = 1.
I. The non-rotating and uncharged black-hole
We take the metric as
ds2 = −v(r)dt2 + w(r)dr2 + r2dθ2. 3
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The Einstein equations read
T 11 = Λ +
w′
2rw2
, 4
T 22 = Λ−
v′
2rw2
, 5
T 33 =
1
4v2w2
(4Λw2 + wv′2 + vv′w′ − 2vwv′′). 6
In these equations ′ denotes differentiation with respect to r. In the vacuum solution
all the components of the stress-energy tensor are zero. Using this fact, we can
integrate equation 4 which gives
w(r) = (Λr2 − C)−1. 7
This solution is used in equation 5 to give
v(r) = (Λr2 − C). 8
In these expressions C is a constant which we will identify with the ADM mass M .
Equation 6 verifies that the expressions found for v(r) and w(r) are correct.
The resulting metric is
ds2 = −(Λr2 −M)dt2 + (Λr2 −M)−1dr2 + r2dθ2. 9
II. Rotating Black Hole
We take the metric in the form
ds2 = −v(r)dt2 + w(r)dr2 + Jdtdθ + r2dθ2. 10
Writing the Einstein equations and noting the fact that all the components of the
stress-energy tensor are zero, these equations can be solved straightforwardly.
The end result is that
w(r) =
(
Λr2 +
J2
r2
−M
)−1
, 11
v(r) = Λr2 −M. 12
4
and the metric reads
ds2 = −
(
Λr2 +
J2
r2
−M
)
dt2 +
(
Λr2 +
J2
r2
−M
)−1
dr2 +
(
rdθ +
J
r
dt
)2
. 13
Here the constant we found upon integrating the differential equations is interpreted
as negative of the ADM mass. Upon equating the expression
(
Λr2 + J
2
r2 −M
)
to
zero, we can find the outer and the inner horizons r+ and r− .
III. Charged Black Hole
Here we equate the diagonal components of the stress-energy tensor to
T 11 = T
2
2 = −T 33 =
Q2
r2
. 14
and choose the metric to be diagonal . Straightforward integration of the equations
give the expression for the metric as
ds2 = −(Λr2 −M − 2Q2 log r
r+
)dt2 + (Λr2 −M − 2Q2 log r
r+
)−1dr2 + r2dθ2. 15
Here r+ =
√
M
Λ
.
As shown in references 4, 5 and 6, one can not obtain a charged rotating
solution through these straightforward methods. Although the naive solution of the
Einstein equations in this case give
ds2 = −
(
v(r) +
J(r)2
r2
)
dt2 +
1
v(r)
dr2 +
(
rdθ +
J(r)
r
dt
)2
, 16
where
v(r) = Λr2 +
J2
r2
−M − 2B2 log r
r+
, 17
r+ =
(
M +
√
M2 − 4J2Λ
2Λ
) 1
2
18
the Maxwell equations, ∇µFµν = 0, require JB = 0. If we take one of these con-
stants equals to zero, we get back our previous solutions for the rotating uncharged
or the charged non-rotating cases.
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IV. Coupling to a Static Scalar Field
Now we choose the stress-energy tensor in the conformal fashion.
Tµν = (1− 2ξ)∂µφ(r)∂νφ(r) + (2ξ − 1/2)gµνgλτ∂λφ(r)∂τφ(r)
−2ξφ(r) (∂µνφ(r)− Γλµν∂λφ(r))+ 2dξgµνφ(r)gµνφ(r);µν
−ξφ(r)2
(
Rµν −Rgµν
(
1− 4ξ d− 1
d
))
. 19
d is the space-time dimension which is three in our case.
ξ =
1
4
d− 2
d− 1 . 20
The action of the d’Alembertian on a scalar field reads
gµνφ;µν =
1√−g
(
∂λ
√
−|g|gλτ∂τφ(r)
)
. 21
which we use in the equation of motion of the scalar field
gµνφ;µν + ξφR = 0. 22
We take the metric to be diagonal.
We find
ds2 = −v(r)dt2 + 1
v(r)
dr2 + r2dθ2 23
where
v(r) =
(
(r − 2B)(B + r)2Λ
r
)
24
and
φ(r) =
√
B
π(r +B)
. 25
B is a constant. This solution, also found in reference 8, gives
T 11 = T
2
2 = −
1
2
T 33 = −
B3Λ
r3
. 26
If we look for a time dependent solution for the scalar field, the metric becomes
ds2 = −
(
4r2Λ− 2a(t)
3C
3r
+ a(t)
)
+ 2drdt+ r2dθ2, 27
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and the scalar field is given as
φ(r, t) =
√
a(t)2C
π(r + a(t)2c)
. 28
Here C is a constant and a(t) is the solution of the differential equation
24C
da(t)
dt
+ 12C2Λa3 + 1 = 0. 29
We could not solve this equation for a(t) as a function of t analytically; actually
we could not invert the solution we got for t as a function of a. We give the numerical
solution below. (See Figure) We see that asymptotically a(t)3 = M
3
4
. In this region
the scalar field is given as
φ =
√
1
π((16)1/3
√
3MΛr + 1)
. 30
We can also couple a complex field to the gravitational field in the presence of
a constant potential. Nonzero solutions both for the real and the imaginary parts
of the scalar field can be found.
If we try a rotating black-hole interacting with a scalar field, we start with
ds2 = −v(r)dt2 + w(r)dr2 + r2dθ2 + 2Jdtdθ. 31
Here
v(r) = Λr2 −M, 32
w(r) =
r2(2Λr2 −M) 32
(J2 + Λr4 −Mr2)(2c14((2Λr2 −M) 32 )
, 33
φ(r) =
√√√√−8 +
√
(2Λr2 −M) 32
c2(2c1 + (2Λr2 −M) 32
34
Here
c1 =
1
2
(M2 − 4J2Λ) 34 , 35
c2 =
1
64
. 36
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We choose the constants c1, c2 so that the scalar field goes to zero as r goes to
infinity and there are two singular points given by the inner and outer horizons
r− =
√
M −√M2 − 4J2Λ
2Λ
,
r+ =
√
M +
√
M2 − 4J2Λ
2Λ
. 37
Here between the inner and outer horizons, the scalar field is undefined. We
use the solution when r > r+.
THERMODYNAMICS
We will use the so called KKW method [10,11,12] to calculate the entropy
of the solutions above. We first employ a transformation, the so-called Painleve´
transformation, to get rid of the coordinate singularities in the metric.
For a metric of the form
ds2 = −F (r)dt2 + F (r)−1dr2 + r2dθ2 38
we set √
F (r)dt =
√
F (r)dτ −
√
1− F (r)
F (r)
dr, 39
which reduces the metric to the form
ds2 = −F (r)dτ2 + dr2 + 2
√
1− F (r)drdτ + r2dθ2. 40
To find the black body radiation, we take ds = 0, dθ = 0, which gives us the
equation of motion for the outgoing particles.
dr
dt
= 1−
√
1− F (r) 41
Since this particle takes its energy ω from the black-hole, the mass of the black-hole
is reduced to M − ω. We write equation 41 as
dr
dt
= 1−
√
1− F (r,M − ω). 42
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We define the change in entropy of the black-hole as
∆SBH = SBH (M − ω)− SBH(M), 43
where the imaginary part of the action S is related to the change in entropy as
−2ImS = ∆SBH . 44
The imaginary part of the action is calculated as
ImS =
∫ r+(M−ω)
r+(M)
∫ ω
0
dω′dr
dr
dt (M,M − ω′)
. 45
The tunnelling probability is expressed as
Γ = exp(∆SBH). 46
Using our solutions we set
ImS =
∫ r+(M−ω)
r+(M)
∫ ω
0
dω′dr
1−
√
1− Λr2 + (M − ω′) . 47
where r+ =
√
M
Λ
. Contour integration gives
ImS = 2π
(√
M
Λ
−
√
M − ω
Λ
)
48
which gives the black-hole entropy
SBH = 4π
√
M
Λ
49
and tunnelling probability
Γ = exp 4π
(
−
√
M
Λ
+
√
M − ω
Λ
)
. 50
Using the definition
Γ = exp(∆SBH) = exp(−ω
T
) 51
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for the Hawking temperature of the black-hole, we find
T =
ω
4π
(√
M
Λ
−
√
M − ω
Λ
)−1
, 52
which gives the Hawking temperature
TH =
√
MΛ
2π
53
upon expanding around ω = 0.
Same expressions can be found [8] using the relation between black-holes and
thermodynamics which will also give
SBH = 4πr+. 54
For the rotating black-hole case this expression gives
SBH = 4π
√
M +
√
M2 − 4ΛJ2
2Λ
55
with
T =
ω
SBH(M)− SBH(M − ω) . 56
Expanding around ω equals zero gives
TH =
√
M2 − 4J2Λ
√
2π
√
M+
√
M2−4ΛJ2
Λ
. 57
If we couple the gravity with a scalar field, our expression for F (r) in eq. (40)
is written as
F (r) = Λr2 − 2
√
M3
3
√
3Λr
−M. 58
which gives
SBH =
16π
3
√
3Λ
√
M 59
T (ω) =
3ω
√
3Λ
16π
(
√
M −
√
M − ω)−1. 60
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Expansion around ω equals zero gives
TH =
3
√
3MΛ
8π
, 61
which is the same expression as the one derived from purely thermodynamical ex-
pressions [8].
Note that in equation 27, −a(t) has taken the place of M in the solutions
without the scalar field, equation 9. If the action A is calculated, we find that
A = M
T
where T equals the Hawking temperature. Thus, M is related to the energy
of the black-hole, and as time elapses, −a(t) decreases,(See Figure) , showing that
the energy of the black-hole is decreasing as well.
NEWMAN-PENROSE COEFFIENTS
We can calculate the coefficients for these solutions and show how they differ
from those for the latter solution given in reference [7]. The metric of reference [7]
is given as
ds2 = −(N2F 2 −R2Nφ2)dt2 + 2R2Nφdθdt+R2dθ2 + F−2dR2. 62
Here
f2 = r2 − M˜ − 1
4
Q˜2 log r2, 63
R2 =
r2 − ω2f2
1− ω2 , 64
F 2 =
(
dR
dr
)2
f2, 65
N =
r
R
(
dr
dR
)
, 66
Nφ =
ω(f2 − r2)
(1− ω2)R2 . 67
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where M˜ = (1−ω
2)M
1+ω2
, Q˜ =
√
1− ω2Q. ω is related to the angular velocity related
to rotation. The cosmological constant is negative and set to unity.
One may use the Newman-Penrose formalism for 2+1 dimensions as given Aliev
and Nutku [14]. Similar formalism is also given in references [15].
In this formalism the metric is written in terms of basis 1-forms
ds2 = l × n+ n× l −m×m. 68
The Ricci rotation coefficients are defined as
dl = −ǫl ∧ n+ (α− τ)l ∧m− κn ∧m, 69
dn = ǫ′l ∧ n− κ′l ∧m− (α+ τ ′)n ∧m, 70
dm = (τ ′ − τ)l ∧ n− σ′l ∧m− σn ∧m. 71
Connection 1-forms, which give the spin coefficients, are defined as
Γ00 =
1
2
(−ǫ′l + ǫn+ αm), 72
Γ10 = −
1√
2
(−τ l − κn+ σm), 73
Γ01 =
1√
2
(−κ′l − τ ′n+ σ′m). 74
The 2-forms are obtained from the equation
Rba = dΓ
b
a − Γma ∧ Γbm. 75
The curvature 2-form is written in terms of the basis 2-forms, written in terms of
the triad scalars:
R00 =
(
2Φ11 − 3
2
Λ
)
l ∧ n− Φ12l ∧m+ Φ10n ∧m, 76
R10 =
√
2Φ01l ∧ n+ 1√
2
Φ02l ∧m−
√
2Φ00n ∧m, 77
R01 =
√
2Φ12l ∧ n−
√
2Φ22l ∧m+ 1√
2
Φ02n ∧m. 78
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Here curvature scalar R is defined as Λ = 118R.
Rewriting the metric in terms of
q(r) =
[
r2f2 − ω
2
(1− ω2)2 (f
2 − r2)2
]
, 79
k(r) = − 2
ω
(R2 − r2), 80
we obtain
ds2 = −q(r)
R2
dt2 + k(r)dθdt+R2dθ2 + F−2dR2. 81
We define the triad system as
l =
1√
2
[(k − 2rf)dt+ 2R2dθ], 82
n =
1√
2
[
(k + 2rf)
4R2
dt+
1
2
dθ
]
, 83
m =
1√
2
F−1dR. 84
One can calculate the basis 2-forms straightforwardly and obtain:
Φ01 = Φ10 = Φ12 = 0, 85
Φ02 =
1√
2
, 86
(
2Φ11 − 3
2
Λ
)
=
(
Q˜2
8r2
− 1
2
)
, 87
√
2Φ00 = Q˜
2
(
ω2
(1− ω2) + 1−
ωf
(1− ω2)r −
R2
2r2
)
, 88
√
2Φ22 =
(
1
2R2
+
Q˜2(r + ωf)
16(1− ω2)rR4 −
3Q˜2
32r2R2
)
. 89
If we use the ”wrong solution”, as given in eq. (16),
ds2 = −
(
v(r) +
J(r)2
r2
)
dt2 +
1
v(r)
dr2 +
(
rdθ +
J(r)
r
dt
)2
, 16
where the parameters used are defined in equations (17) and (18), and calculate the
coefficients given above, we find that the same Ricci rotation coefficients and the
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same triad scalars, Φij vanish. The non-vanishing terms are different algebraically
though, equality being established only when J,Q and ω vanish. We do not give
the details of this straightforward calculation. We just give the result of the scalar
triad corresponding to the one given in equation 79 above.
For the metric in eq. (16), we get
(
2Φ11 − 3
2
Λ
)
= −
(
2− 2B
2
r2
− 2J
2
r4
)(
1
4
−
1
4
J2
r2
4r2 + 5J
2
r2
− 4M − 8B2log r
r+
)
. 90
CONCLUSION
In this work we derived black hole solutions in three dimensionswith and with-
out interacting with a scalar field. Except for the case where the scalar particle is
time dependent, these solutions are found in the literature,[2,7,8]. We then calcu-
lated the entropies of the different black holes, the Hawking temperatures and the
emission probabilities. We found that even for the case where the scalar field is time
dependent, the mass of the black-hole goes to a constant. The value of the constant
is less than the value at time equals zero, which shows that energy is carried away.
Finally we calculated the Newman-Penrose coefficients for the charged and rotating
solution and compared these coefficients with those of the ”wrong” solution. We
found that in both cases the null ones are the same, but the algebraic expressions
for the non-zero coefficients differ.
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FIGURE CAPTION
The plot of a(t) vs. time for the time dependent scalar field when M = 10,Λ = 0.01
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17
